In this article, we explore the ability of demographic and attitudinal variables to predict student scores on the Quantitative Reasoning for College Science (QuaRCS) Assessment. Variables measured by the assessment include: students' academic choices and plans, attitudes and perceptions regarding mathematics, self-reported effort level, and basic demographics such as age, race/ethnicity, gender and disability status. As in previously published numeracy studies, we find significant score deviations according to gender, race/ethnicity, and disability status; however, the effect size of these correlations pale in comparison to the effect size of affective/ attitudinal variables on QuaRCS score. A large number of variables with significant effects on QuaRCS score make the data well-suited to dimension reduction, and Factor Analyses reveal that a majority of affective variables can be collapsed into three underlying factors, which we call numerical self-efficacy, numerical relevancy and academic maturity. These three composite variables alone account for 32.4% of the variance in QuaRCS score. Two additional affective variables -self-reported effort and calculator usage -add 15.9% to the regression model. Together, these five variables account for nearly half of the variance in QuaRCS score. In contrast, academic and basic demographic variables, account for only 0.3% and 0.1% of the remainder, respectively. Furthermore, most demographic variables (including race and gender) do not have a significant effect on the regression model once affective variables have been accounted for.
Introduction
Support for the development of scientific and mathematical literacy in general education science courses has grown among educational researchers and STEM educators alike in recent years, as these skills are seen as vital to the growth of an educated citizenry (DeBoer 2000) . College students themselves have shown concern over their own mathematical achievement, with approximately 28% of a recent sample of more than 140,000 college freshmen reporting that they expect to need remedial work in math (Eagan et al. 2015) .
One approach to better comprehend college mathematics achievement has been to examine performance in mathematics courses. A complementary approach has explored college students' performance in other quantitative courses, such as general education science, in which students are expected to further develop their mathematical knowledge and skills. Regardless of study context, valid, reliable, and well-tested diagnostics are essential.
The Quantitative Reasoning for College Science (QuaRCS) assessment, an electronically-administered multiple choice instrument designed to measure college students' numerical skills and attitudes toward mathematics, was developed over the course of eight semesters between 2010 and 2015. The motivations for the development of the QuaRCS, the selection of specific quantitative skills for assessment, and development and validation of the quantitative questions on the assessment are described in the companion to this paper (Follette et al. 2015, hereafter Paper 1) . Key results from Paper 1 that are relevant to this work include:
• The length of the survey (25 quantitative questions, 24 non-quantitative demographic and attitudinal questions) was shown to be free of the effects of test fatigue among students who self-report that they expended effort. • Both paper and online formats were explored. It was determined that the benefits of online assessment (out-of-class administration, ease of data collection, freedom from time constraints) outweighed the risks (lack of control for calculator and resource usage, idling). • Scores of experts and students enrolled in STEM major courses are significantly different (p<0.001) than those of general education science students on the assessment, suggesting that the instrument is capable of distinguishing varied levels of numeracy from novice to expert. This paper (Paper 2) focuses on correlations between performance on the quantitative portion of the QuaRCS assessment and the demographic and affective variables probed by the 24 non-quantitative questions. These non-quantitative questions fall into three broad categories -basic demographics, academic demographics, and affective/attitudinal variables.
The paper also attempts to identify the underlying variables that drive differences in QuaRCS scores. Following a review of the varied literature on demographic and attitudinal predictors of college students' quantitative literacy in the remainder of this section, the next section introduces the non-quantitative questions on the QuaRCS and describes how they were developed. The subsequent section describes the results from a variety of quantitative analyses of student responses to these questions, and the penultimate section is focused on interpretation of these results. In the final section, we summarize the main conclusions of our analyses.
Demographic Predictors of Quantitative Literacy in College Students
Mathematical performance among college students has been associated with various cognitive measures, such as academic preparation and prior learned knowledge (Taub, Benson, and Szente 2014) , generalized skills such as fluid reasoning and reading comprehension (Kelly and Gaustad 2006; Sparks and Lovett 2009) , and the length of time elapsed since a previous math course (Johnson 1996) . However, there remain concerns about the role basic demographics (e.g., gender and ethnicity) play in mathematics achievement, as well as disability status. Further, there has been growing interest in examining attitudinal factors' roles in performance, specifically self-efficacy (i.e., "individuals' convictions that they can successfully perform given academic tasks at designated levels", ibid.), which has been correlated with effort, interest, and performance throughout college and beyond (Eccles 1994; Correll 2001; Bong and Skaakvik 2003) .
Basic Demographics.
The demographic variables that have been most extensively studied in mathematics and science education are gender and race/ethnicity. While decades of research have revealed an achievement gap in the mathematical performance of students by gender and ethnicity, these gaps have decreased significantly in recent decades (Xie and Killewald 2012; Voyer and Voyer 2014) . Still, large-scale studies have reported a small but significant "female advantage" in course achievement across all subjects, including mathematics (Bridgeman and Wendler 1991; Correll 2001; Voyer and Voyer 2014) . A "male advantage" remains on performance of standardized tests of mathematics, though this has been consistently tied to persistent attitudinal and psychosocial factors, rather than ability (Bridgeman and Wendler 1991; Correll 2001; Voyer and Voyer 2014) .
Despite actual performance, studies of mathematics self-efficacy among college women demonstrate a significant "confidence gap", even among STEM majors (Sax 1994; Xie and Killewald 2012; Sax et al. 2015) . Moakler and Kim (2014) examined the relationship between confidence and demographic information in a national survey of 335,842 college freshman and found that even women and minorities who reported above average confidence in other domains still reported lower confidence in mathematics, and their mathematical confidence levels were nearly 10% lower than males and non-minorities.
Learning Disabilities.
Studies of the mathematical abilities of college students with documented learning disabilities have produced mixed results, particularly when using standardized achievement tests to assess skill level and knowledge. Sparks and Lovett's 2009 review of 108 studies reported that "[college students with learning disabilities'] mean scores on reading, spelling, mathematics, and written language measures were largely in the average range," with many scores above the median. Other studies report underperformance on mathematics tests among college students with diagnosed learning disabilities (McGlaughlin, Knoop, and Holliday 2005) .
Among individuals with confirmed disabilities, underperformance on tests of quantitative literacy and mathematics have been correlated with memory, reasoning, and perceptual difficulties (McGlaughlin, Knoop, and Holliday 2005; Kelly and Gaustad 2006; Sparks and Lovett 2009) , rather than mathematics knowledge.
This complicates the ability to accurately gauge students' mathematical skill level. Given that an inestimable number of students with unidentified/undiagnosed disabilities exist in any study and our imperfect understanding of how a learning disability may influence achievement on mathematics diagnostic tests, caution is warranted in making comparisons between students reporting and not reporting a learning disability.
Foundations of Mathematics Self-Efficacy, Attitudes, and Anxiety in Undergraduates
Academic Preparation and Choices. Collegiate learning is an entirely new environment for many students, one with increased cognitive demand.
Many students enter college with limited quantitative reasoning abilities (Durrani and Tariq 2009) and lack the interdisciplinary mathematics preparation required to be successful in introductory science courses in particular (Matthews et al. 2009 ).
Mathematical experiences and preparation in secondary education are highly influential and are a significant driving force behind choice of major in college (Betz and Hackett 1983; Moakler and Kim 2014) . Lower mathematical achievement deters students from pursuing STEM disciplines, and those who do choose STEM majors are disproportionately likely to be young, male, come from higher socioeconomic background, have a parent with a STEM degree, and have had sufficient prior preparation in science and mathematics (Wang 2013) .
Math avoidance is commonly present when undergraduate students select their introductory coursework. Introductory Earth science courses, for example, have a history of being perceived as "easy" in the United States, and have acquired a reputation of requiring qualitative rather than quantitative skills (Manduca et al. 2008) . Gilbert et al. (2012) surveyed 1057 students in introductory geoscience courses across seven universities and found 73% (N=765) enrolled to fulfill a degree requirement. Of students who had not yet declared a major, approximately 80% reported they were "not very likely" or "definitely not" planning on pursuing a major in one of the natural sciences (Gilbert et al. 2012) .
Attitudes.
Students' beliefs about and attitudes toward using and learning mathematics are likely solidified long before they reach college. Wang (2012) found that a cascade of mathematical experiences from 7 th to 10 th grade influenced 12 th grade mathematics achievement, which in turn influenced the decision to major in a STEM discipline. In other words, many college students have strong, previously established beliefs and opinions regarding the utility of mathematics.
This may be, at least in part, due to a disconnect between how primary-and secondary-level mathematics is taught in the United States and how mathematics is used in college and beyond. Research has revealed that K-12 teachers' mathematical knowledge is more often procedural than conceptual. In one study by Ma (1999) , fewer than 10% of American mathematics teachers could create a story problem for the equation 1¾ ÷ ½, whereas 90% of Chinese teachers could. Perhaps more alarmingly, only 43% of the American teachers solved this problem correctly (compared to 100% of Chinese teachers).
Uncontextualized mathematics teaching can influence student beliefs about the relevance, applicability, and role of mathematics in both college-level coursework and daily life (Matthews et al. 2009 ). Wang (2012) noted that transparency of teacher expectations and the existence of emotional and cognitive support contributed to increased student mathematical motivation throughout high school. This suggests that instructors of general education college science courses who provide their students with proper support and encourage the building of quantitative skills, regardless of a student's mathematical background and performance, may be more likely to foster positive attitudes toward mathematics in introductory courses.
Pre-service elementary school teachers, who represent a notable population of students in introductory science courses, are particularly likely to express negative attitudes toward mathematics (Matthews and Seaman 2007) . These students then go on to teach future generations at a critical time in development where students are still shaping their motivational academic beliefs.
Anxiety and Self-Efficacy.
Attitudes toward mathematics appear to be interrelated with a number of other factors, including anxiety and self-efficacy. Math anxiety is well-documented in college students and has even been shown to persist through adulthood in some cases. Various levels of severity exist, with some students expressing purely testinduced math anxiety, while others report anxiety in all math-related contexts. The literature discussing mathematics self-efficacy shows a direct relationship between low levels of self-efficacy and higher levels of mathematics anxiety (Matthews and Seaman 2007; Durrani and Tariq 2009) , as well as correlations between high math anxiety and negative attitudes toward the development of numerical skills (Durrani and Tariq 2009; Moakler and Kim 2014) . Students lacking confidence can begin to manifest negative attitudes toward mathematics in general. This hinders mathematical learning and performance (Durrani and Tariq 2009) , leading students to exhibit characteristics of "math avoidance."
Successful completion of mathematical prerequisite courses has been correlated with lower math anxiety and higher student competence (Durrani and Tariq 2009 ), but simply passing a math course in high school does not guarantee sufficient grasp to apply numerical skills in quick-paced undergraduate science courses (Matthews et al. 2009 ). In a study of 569 undergraduate students, only 3.3% believed that mathematics was not important in science (Matthews et al. 2009 ). At the same time, students with weaker mathematical backgrounds who were interviewed about math-heavy science courses reported frustration with pacing. For these students, inadequate background led to difficulty in keeping up with the material and eventual disinterest in the course. This suggests that too much content in science courses, coupled with the mathematics they already fear, may lead students to feel overwhelmed and underprepared, further undermining their confidence.
Research on student attitudes toward statistics sheds additional light on the complexity of student attitudes toward mathematics. Results from Schau et al.'s (1995) Survey of Attitudes Towards Statistics (SATS) suggest that students may overestimate their mathematical competence prior to the start of a course. Upon then receiving grades lower than first expected in the course, students rate the value or relevance of the course material lower than they did initially (Pierce 2006) .
These studies and domains illuminate the complexity of students' mathematical performance, particularly how attitudinal factors have a striking effect on achievement. The QuaRCS study assesses incoming undergraduate students' quantitative foundations-conceptually and attitudinally -and how they may change over the span of a course.
Study Design and Methods
The models developed in this paper are derived from data collected during three semesters of QuaRCS administration. A summary of the three datasets is provided in Table 1 below. A majority of the data were collected at a large research university in the Southwest, however we also include data from two community colleges (one Southwest, one South), one selective liberal arts college (East) and one additional large research university (Midwest).
In all cases, a student is considered to have "completed" the assessment when all 25 quantitative questions are answered. In cases where students completed the assessment more than once, only the first administration was retained in this analysis. All comparisons of pre-semester and post-semester performance, as well as analysis of instructors' attitudes, beliefs and teaching techniques, is left for future work in this series. The precise wording, answer choices, and classification as basic demographic (BD), academic demographic (AC), or affective (AF) for each question is provided in Table 2 in the order of appearance on the assessment. The table also specifies the percentage of respondents who elected each answer choice. All questions for which students were allowed to choose multiple answers have been separated into a series of binary variables (1=chose, 0=did not choose) for analysis.
Basic Demographic Questions
Students taking the QuaRCS are asked four fundamental demographic questionstheir age, race/ethnicity, gender, and disability status. These questions appear at the very end of the assessment (questions 19-22 of 24) in order to minimize the effects of stereotype threat (Steele and Aronson 1995; Spencer, Steele, and Quinn 1999) . They are included on the assessment because previous numeracy assessments, detailed in the Introduction section of this paper, have shown statistically significant deviations in test scores according to all four of these variables.
The disability status question in particular was developed carefully in consultation with the disability resource center at a large public university, and it allows students to specify separately whether they have a physical, cognitive, or learning disability. If they wish, students may specify the nature of their disability. They may also elect not to specify their disability status at all by choosing the "I prefer not to specify" option.
Race/ethnicity options are listed alphabetically -African American, Asian, Caucasian (non-Hispanic), Hispanic/Latino, Native American, and Other. Students electing the "other" option may choose to fill in their ethnicity. Here too, students may elect an "I prefer not to specify" option, and may also specify more than one race/ethnicity with which they identify.
The gender question included traditional binary responses of male/female in addition to a choice of 'other' to accommodate students who identify as nonbinary. The number of students electing ages over 35 in the sample was very small, so we collapsed all age categories above this into a single category. Students under the age of 18 are also excluded from the sample due to human subjects requirements. 
Academic Demographic Questions
Students completing the QuaRCS are also asked to specify their class year, major, most recent mathematics coursework, plans for future science and math coursework, and whether they were educated entirely in the US. The purpose of these questions is to gain a sense of their academic interests and preparation.
Attitude and Perception Questions
A number of affective questions probe student beliefs about mathematics, their view of the utility of numerical skills in science and in their daily lives, as well as their confidence and satisfaction with their current level of numerical ability. They are also asked to specify why they chose their major and why they chose to take the course in which the QuaRCS was administered. The final question on the assessment asks students to specify the amount of effort that they expended on the assessment, which we also consider an attitudinal measure. After each quantitative question on the assessment, students are asked to rank their confidence in their response. These confidence rankings are averaged into a composite "average confidence ranking" variable, which we also consider to be affective.
The initial introduction to the assessment contains the sentence: "These questions were designed to be answerable without a calculator, but you are welcome to use one if you choose". After completing the quantitative questions, students are asked on what proportion they used a calculator to compute their answer. (See Table 2 for precise wording.) This question does not fit naturally into any of our three broad categories (basic demographic, academic demographic or attitudinal), but is most closely related to student affect, and so we include it in this third group of variables in our analyses.
Particular attention was paid to the development of a question that asks students to rate "doing mathematics" on a four point scale between opposite affective adjectives: useful and useless, interesting and boring, easy and hard, and fun and scary. The choice of a four rather than five point scale was driven by a preliminary study in which we administered this question in paper form to a single, large, general education science course. Approximately half of the students (N=61) were provided with a five point scale, which allows for a "neutral" stance. The other half (N=55) were provided a four point scale that forced a choice between one extreme over the other. The difference between student responses on the two scales is striking (Fig. 1) . When forced to commit to one adjective or the other, it appears that students who would have selected a neutral option are more likely to shift toward the positive adjective (Useful, Interesting, Easy). The Fun vs. Scary scale, where students tended to move toward the negative option (Scary) when the neutral option is eliminated, is the exception to this rule.
Results
In the following section, we describe the construction of a model to predict students' scores on the QuaRCS assessment based on their responses to the nonquantitative questions on the assessment. In all subsequent discussions, "score" means the number of correctly answered quantitative questions, of which there are 25 (described in detail in Paper 1), and "variable" means a question on the assessment.
Mean Scores by Variable
As a first step in our analysis, we examined variations in score distributions among answer choices for all variables and identified binary and categorical variables where the 95% confidence intervals on the median score for a given group (indicated with notches in the box plots in Figures 2-4 ) do not overlap with the 95% confidence intervals on the median for the entire general education science student population (N=2777, indicated with horizontal lines). This is a very conservative means of identifying significant deviations, since inclusion of an individual group biases the overall population toward the group relative to a pure in vs. out-group comparison 1 . The full distributions are represented in Figures 2 through 4 , and are grouped according to variable classification.
We find that all four fundamental demographic variables -age, race, gender and disability status contain categories that deviate from the overall distribution. In keeping with other numeracy assessment instruments, women, students of color, and the learning disabled underperform relative to other groups, and older students outperform younger students. An extensive literature, summarized in part in the first section of this paper, suggests that these differences are not reflective of innate differences in numerical ability, but rather other phenomena -namely that women are more susceptible to math anxiety (Betz 1978) , people of color are underserved by the US educational system (Ogbu 1990; Raudenbush and Kasim 2009) , and students with learning disabilities are particularly likely to struggle with applied mathematics (Chan and Dally 2001; Rousselle and Noël 2007) . Additionally, despite being statistically significant, these effects are very small, as discussed in detail in the following sections of this paper. A majority of academic variables also show at least one answer choice whose respondents' scores deviate significantly from the overall distribution, as shown in Figure 3 . Of particular note is that only STEM majors score significantly above the mean of the entire population, while only the means of humanities, education, and undecided majors lie significantly below it. Figure 2 . Average QuaRCS pre-semester scores (y-axis) according to responses to basic demographic questions (x-axes). In each panel, the median score for the entire pre-semester general education science population (N=2777) is shown as a solid horizontal line and 95% confidence intervals on the full population median are shown as horizontal dashed lines. The distribution of scores for each demographic question response is shown with filled, colored boxes indicating the 25 to 75% quartiles and whiskers extending across the full range of the score distribution for this group. The solid horizontal line in the middle of each box indicates the median of the distribution, and the notches show the 95% confidence intervals on this median Where the 95% confidence intervals for the medians of independent groups do not overlap, this supports a statistically significant difference between the group medians at the p<0.05 level.
The mean scores for QuaRCS affective variables show strong linear trends toward more positive attitudes (Fig. 4) . Students answering in ways that suggest they have higher self-efficacy, perceive math as useful in their daily lives, and have devoted effort to the assessment score, on average, as many as 10 points higher than their counterparts with more negative views.
The distribution of confidence rankings is not easily shown as a box and whisker plot since student responses vary from question to question. Figure 5 represents the overall distribution of confidence rankings for all twenty five questions and all 2,777 students in the sample. The distribution of average confidence rankings for each student across the 25 individual questions is overplotted. 
Effect Sizes
As Figures 2 through 4 suggest, the responses to many of the 24 supplemental questions on the QuaRCS are strongly associated with students' QuaRCs scores, however a small number are not, and in many cases for "choose all that apply" questions, only particular answer choices show significant relationships with score. In the analyses that follow, questions for which students can elect multiple answers are treated as a series of separate binary variables, making a total of sixty five variables. For all variables showing significant (N <0.05) correlations with QuaRCS score, Pearson's correlation coefficients are listed as "effect size." Table  3 summarizes these significant correlations in order of the absolute value of their effect size.
The nineteen variables that are not significantly correlated with QuaRCS score are also worthy of note, and are listed in Table 4 . In some cases, the lack of significant correlation may simply result from an inadequate sample size, but with a population of nearly 3000, such effects will be necessarily small. Of particular note is the lack of correlation between score and the length of time since a student's most recent math course, as well as the amount of time that elapsed between a student's starting and finishing the assessment. Disability status: physical disability 0.024 0.043 BD Notes: QuaRCS variables significantly associated with score are listed here in order of absolute value of effect size. Question wordings in the table are, in most cases, more concisely worded than their actual appearance on the assessment. The full phrasing can be found in Table 2 . Question classifications as basic demographic (BD), academic demographic (AC) or affective (AF) are also shown. 
Factor Analysis
Even if we include only those variables with significant effects on QuaRCS score in further analyses, we are still left with far too many (N=45) for a simple model. As 26 of the 45 significant variables were classified as affective (including eighteen of the twenty variables with the largest correlation coefficients), we engage in dimension reduction of these affective variables before computing a regression model for our data. Indeed, we fully expect that the affective questions on the QuaRCS probe a smaller number of underlying latent variables that cannot be measured directly, and dimension reduction is designed to identify these underlying factors. By combining questions into composite variables, we reduce the dimensionality of our data and extract underlying factors that are more robust and descriptive than individual variables alone.
We first completed an Exploratory Factor Analysis (EFA) on the Spring, 2015 data sample alone (N=1488) in order to build an initial model of composite variables. 2 We then cross-validated the structure of this model using Confirmatory Factor Analysis on the remaining sample (Fall 2015 and Spring 2016 . Our final factor solution is derived from an EFA of the entire sample (N=2777) and is presented in Table 6 . Each step in the process of deriving it is described in detail in the following three subsections.
Model Development.
To develop the initial model of the Spring 2015 data, we computed factor solutions using both Principal Component Analysis (PCA) and Principal Factors Analysis ("maximum likelihood") in SPSS. We had reason to expect that any underlying affective factors are likely to be correlated with one another, so we opted to compute rotated factor solutions via the oblique rotation method "direct oblimin." Rotated factor solution methods allow inter-factor correlation rather than forcing orthogonality on the solution, and thus allow for extraction of correlated factors.
In order to simplify interpretation, we reverse-coded a number of affective questions (marked with asterisks in Table 1 ) so that they were consistently ordered from negative to positive. All standard metrics for sampling adequacy 3 and multicolinearity 4 were well within acceptable ranges for this dataset, indicating suitability for factor analysis. An initial factor solution showed the effort variable to be highly crossloading (simultaneously loading onto multiple factors), which limited our ability to obtain a clean solution, and so this variable was treated as a standalone factor and removed from the EFA at the outset.
The scree plot for the remaining 25 variables shows a single strong inflection point at four factors, suggesting that extraction of three factors is justified. We choose to extract only factor loadings with absolute values greater than 0.32, corresponding to retention of variables whose variance overlaps by ≥10% with other variables loading onto that factor (Costello and Osbourne 2005) .
Six of the 25 input variables do not load at >0.32 onto any of the three factors, and an additional two ("Math is Fun (1) to Scary (4)" and the Likert-scale statement "Numerical skills are important to the understanding of science") crossloaded onto factors 1 and 2 and tended to vary in which factor they loaded 2 For an accessible introduction to Factor Analysis and choices of methods and parameters, including all that are reported/chosen here, see Discovering Statistics Using IBM SPSS, Chapter 17 (Field 2013) 3 The Kaiser-Meyer-Olkin measure of sampling adequacy was always >0.8 and Bartlett's Test of Sphericity was highly significant (p<0.001). 4 The determinant of the correlation matrix was 0.002 at minimum, well above nominal cutoff of 0.00001), and all of the off-diagonal elements in the correlation matrix are <0.8 onto across analysis methods. All seven of these variables were removed before deriving a final EFA solution for the Spring 2015 data, which contains three clean (free of crossloading) factors, each with 5 to 6 individual variables loading onto them.
Model Validation.
To test the structure of the initial model, we conducted a Confirmatory Factor Analysis (CFA) on the remaining data (Fall 2015+Spring 2016, N=1289) using the EFA factor solution from the Spring 2015 subsample (N=1488). The overall fit of the CFA was found to be acceptable, validating the use of composite EFA variables in our final regression models (described in the next section). The global fit indices for the CFA model with the three factors from the Spring 2015 EFA fit are reported in Table 5 with recommendations for acceptable and good fit values for these parameters in parentheses (Hu and Bentler 1999) . As a final test of the validity of the factor structure, EFA solutions for each of the two subsamples were compared to one another and to the solution for the entire sample. The same three factors are consistently present across these analyses, with the same variables loading onto each one. The maximum variation in EFA factor loadings across the three samples is 0.14 for Maximum Likelihood analysis and 0.12 for PCA. We chose to extract our final solution using the Maximum Likelihood method because the calculation attempts to maximize overlapping variance rather than total variance, thus allowing for some error variance and variance unique to each factor. Although this is inarguably the more correct approach, we note that the PCA solution is virtually identical to the Maximum Likelihood solution.
Final Affective Factor Solution.
Given the stability of the solution to the tests described in the previous section, we elect to compute the final composite variable loadings (shown in Table 6 ) from an EFA of the entire sample (N=2777), as it has the most statistical power. One variable, the Likert-scale statement "I am satisfied with my current level of numerical ability," appears only in the Fall 2015 and Spring 2016 data and was not included in the final EFA (though its loadings in the Fall 2015+Spring 2016 subsample are shown in red in Table 6 ). The loadings in Table 6 represent the Pattern Matrix for the final factor solution.
A Pattern Matrix gives the unique loadings for each variable onto each factor or, more accurately, the regression coefficients for each variable onto each factor. The three extracted factors are composed of between 5 and 6 variables each. For completeness, loadings for the affective variables that were removed in the process of computing the initial solution are given at the bottom of Table 6 . This analysis argues strongly for collapsing the eighteen affective variables listed at the top of Table 6 into three composite variables, which we name and describe in the Analysis and Interpretation section. 0.20 0.12 1.00 Notes: Pearson's correlation coefficients between identified factors. The high interfactor correlations, particularly between factors 1 and 2, justify our choice to compute a rotated factor solution.
The factor correlation matrix quantifies the overall relationship between factors and is given in Table 7 . Factors 1 and 2 are correlated at the 0.54 level, suggesting that our choice of orthogonal rotation was justified. The meaning of these factors is explored in the next section.
Analysis and Interpretation

Dimension Reduction
Definition of Composite Attitudinal Variables.
As the purpose of our factor analyses was to reduce measured variables into a composite set of more profound underlying variables, we aim to understand their composition and meaning, and to assign descriptive names to each one.
Factor 1 is composed of variables that measure perceived difficulty of the assessment, students' average confidence in in their answers, their confidence in using numbers in their daily life and coursework, and their feelings about where "doing mathematics" lies on a 4 point scale between Easy and Hard. The fact that these variables load onto a common factor is unsurprising, as all are related to a student's underlying sense of self-efficacy, specifically in regard to mathematics. Therefore, we have chosen to call this composite factor "numerical self-efficacy".
The variables loading onto Factor 2 address students' perceptions of the utility of mathematics and the frequency with which they encounter calculations, graphs, and situations similar to the problems in the QuaRCS survey in their daily lives. We have chosen to call this factor "numerical relevancy"
Of the three factors revealed in this analysis, Factor 3 is the most difficult to interpret. It is composed of five of the eight possible choices to the question "I chose my major because… (choose all that apply)". The simplest relationship between these variables appears to be that they all indicate a level of academic maturity, so we call this factor "academic maturity". Table 8 provides details about the correlations between the three named factors and QuaRCS score. As the variables are not normally distributed (Fig. 6) , we report Spearman's Rho correlations in lieu of Pearson's correlation coefficients, though we note that these two values differ by less than 0.03 in each case. Individual student scores for each of these composite variables are calculated using the Anderson-Rubin method, which attempts to extract factor scores that are uncorrelated with one another (DiStefano, Zhu and Mîndrilă 2009 ). Histograms of student scores for each of the three composite variables are given in Figure 6 . The self-efficacy variable is markedly double peaked and asymmetric, suggesting perhaps a small population of students with high math self-efficacy and a larger population of students with low math self-efficacy. The numerical relevancy variable, on the other hand, is broad and single peaked, suggesting a wide range of beliefs. The academic maturity variable does not follow any clear underlying distribution. 
Regression Model
Regression Model Development. All regression modeling was done using the built-in linear regression function in SPSS. Variables were entered hierarchically into the model in tiers according to question classification (as composite, affective, academic demographic, or basic demographic). Since order matters in a hierarchical model, these tiers were ordered according to the average effect size of their variables. The first tier in the initial model consisted of the three composite affective variables developed in the Results section, and the second tier was composed of all affective variables that were orphaned in that analysis, either due to crossloading or not appearing in the final factor solution. The third and fourth tiers consisted of all academic and basic demographic variables that were shown to correlate with QuaRCS score.
The initial factor solution revealed that many of the variables shown in the Study Design and Methods section to correlate significantly with QuaRCS score add no significant explanatory power to the regression model. The most likely explanation for this is that the correlation of these variables with QuaRCS score is driven by their correlation with other, more significant, variables. These variables were removed before computing the final regression model, described in the following subsection. Disaggregation of the variables driving the correlations between QuaRCS score and demographic variables is left for future work.
Final Regression Model.
The output of the final regression model, which consists of four tiers, is described in Table 9 . The percent of variance in QuaRCS score (R 2 ) accounted for as each tier is added to the model is given in the rightmost column, and reveals that the four-tiered model can explain 49% of the variance in score. However, the vast majority of the explanatory power in this model is held in the first two affective variable tiers, which together account for 48.3% of the variance.
More specifically, the three composite variables alone account for 32.4% of total variance. Of the affective variables not included in the first tier composites, only the effort and calculator usage variables add additional explanatory power to the model, and together they account for an additional 15.9%. Although the interrelation between individual correlation coefficients and the final R 2 value is complicated by correlations between variables within and among tiers, the high raw correlation between score and effort level (R=0.44) suggests that it is responsible for most of the additional explained variance in the second tier of the model. Indeed, a model with the three composite variables in the first tier and effort alone in the second tier results in an R 2 value of 47.2%, suggesting that the calculator usage variable contributes just over 1% to the final model. Four academic demographic variables add only an additional 0.6%, and two basic demographic variables just 0.1% beyond that. Scores predicted by the regression model are shown plotted against actual QuaRCS scores in Figure 7 . Figure 7 . Variables were entered in four tiers, and the additional descriptive power added by the variables in each tier can be seen in the change in the R 2 value as that tier is added to the model, where R 2 represents the proportion of variation in QuaRCS score explained by the model. 
Instrument Revisions
The analyses described in this paper allowed us to reexamine the purpose and utility of each non-quantitative question on the assessment. A number of revisions, additions and removals were clearly warranted, and we describe them in this section.
Removal of Non-Informative and Redundant Questions.
Questions regarding intended college coursework in science and mathematics proved to be most indicative of whether or not a student was a STEM major, which we can and do probe more directly by asking for students' majors. These questions have been removed from the assessment. The question asking students to specify their most recent mathematics course was shown to have no relationship to assessment score and has also been removed.
The EFA solution consistently showed between 5 and 6 variables loading onto each factor, more than is necessary for a stable solution. As we wished to trim the assessment down to only essential questions in order to limit fatigue, we removed several that we deemed less informative. These were: perceived difficulty of the assessment, the Likert Statement "Numerical skills are important to my everyday life," and the question asking students to rate doing math on a scale between interesting and boring. The difficulty question is the lowest loading non-calculated variable onto the Numerical Self-Efficacy factor, and the others are the lowest two loading variables onto the Numerical Relevancy factor.
Two crossloading variables were also removed, namely the question asking students to rank doing math on a scale between fun and scary and the Likert statement "Numerical skills are important to the understanding of science."
Question Revisions.
We also simplified, clarified or revised the wording and/or answer choices of several questions. First, we elected to drastically simplify the list of majors to include only those that are most important or interesting in the context of quantitative reasoning and those that were shown to correlate with score on the assessment. We collapsed Arts and Humanities into a single category, removed the "Trade-specific" and "General studies" categories, and removed the long list of example majors for each category. Although we expect an increase in the number of students specifying "other" for this question as a result, we also believe that this simplification will decrease cognitive load and student frustration at being confronted with a very long and complicated list of choices. We also split the "Science" category into "Biological and Health Sciences" and "Physical Sciences," which will allow us to explore differences between these groups in the future. Our hypothesis about the crossloading nature of the opposite adjective scale fun to scary is that these adjectives are not always perceived as opposites. We revised this scale to be fun to boring, which we believe are more commonly perceived as opposites. We also changed the adjective "useless" to "pointless" to ensure that the scale is read carefully.
Question Additions.
We added several questions to the assessment in an attempt to probe math anxiety, which is not effectively measured with the original assessment. These include two new opposite adjective scales: Straightforward to Confusing and Not Stressful to Stressful. We also added an entirely new question about students' level of anxiety in various situations.
In attempting to probe math anxiety, the distinction between real world and academic/classroom contexts becomes increasingly important, and so we have also split the opposite adjective question into two: one that asks students to rate using math "in [their] daily life" and one "for school." The new situational anxiety question also includes two academic and two daily life situations. A summary of the added and revised question is provided Table 10 .
Conclusions
In this paper, we've explored correlations between students' scores on the 25 quantitative QuaRCS questions and various demographic, academic, and attitudinal variables measured by the non-quantitative questions on the assessment. Analyzing the distributions of student scores on the assessment according to their answers to the non-quantitative questions reveals a number of groups that deviate significantly from the overall population and/or from one another.
In total, 45 separate variables show statistically significant effects on QuaRCS score. However, we expect neither that these 45 variables measure independent quantities nor that they have equal explanatory power in predicting QuaRCS score. Indeed, we show that seventeen of the raw variables can be collapsed into three much more profound underlying factors, which we have identified as "numerical self-efficacy," "numerical relevancy," and "academic maturity." These three variables alone explain 32% of the variance in QuaRCS score.
Of the 28 remaining variables with significant effects on QuaRCS score, only eight of them add explanatory power to a regression model predicting that score: two additional affective variables, four academic demographic variables, and two basic demographic variables. Of these, the additional affective variables account for most of the added explanatory power in the final model, increasing explained variance from 32% to 48%. The academic and basic demographic variables add less than 1% to the model.
The lack of appearance of race, gender, and status as an education major in the final regression solution suggests that the well-documented differences in numerical assessment scores associated with these variables may be driven by underlying differences in attitudes toward mathematics. The most significant conclusion of this work is thus that correlations between basic demographic variables and quantitative ability measures are significant but not strongly predictive. Attitudinal measures, on the other hand, are very strongly predictive. Therefore, it is possible that differences in score associated with at least some demographic variables are driven by underlying differences in affect.
We believe that these results point to remediation of attitudes regarding mathematics as an important step on the road to a quantitatively literate population of college graduates. The implication of this result for classroom practitioners is that working to improve learners' attitudes and self-efficacy may be every bit as important as remediating numerical skills if we wish to improve our students' quantitative reasoning abilities, if not more so.
